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Abstract
We study the effective low energy supergravity of the strongly coupled heterotic
string compactified on a Calabi-Yau 3-fold with generic E8 × E8 gauge bundle. We
focus on the effective potential for the chiral scalars. The effective superpotential can
be studied using the dual 11-dimensional M-theory background involving insertions of
M5 branes along an interval. In such backgrounds, in some regions of moduli space, the
leading nonperturbative contributions are due to open membrane instantons. These
instantons lead to both attractive and repulsive forces between the 5-branes and the
orientifold “M9-branes,” depending on the region of moduli space. The resulting dy-
namics on moduli space include a strong coupling dual to the Dine-Seiberg instability,
in which the interval grows. We discuss conditions under which the 5-branes are at-
tracted to the wall and comment on the relevance of these results to the study of
chirality-changing phase transitions in heterotic M-theory.
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1 Introduction
In the past few years there have been significant advances in the study of strongly coupled
heterotic string theory, thanks to the formulation in terms of M-theory on an interval S1/Z2
[1, 2]. In particular, the compactification of M-theory on a product of an interval with a
Calabi-Yau 3-fold (denoted hereafter by X ) leads to qualitatively different physics from that
of the weakly coupled heterotic string, as first noted in [3, 4, 15].
In heterotic string compactification one must choose an instanton configuration for gauge
fields along X . The so-called “standard embedding” identifies the gauge field with the spin
connection of the metric. Other choices of gauge instantons, the so-called “nonstandard
embeddings,” are closely related, in the strongly coupled regime, to backgrounds obtained
by including insertions of M5-branes wrapping a product of 4-dimensional spacetime with a
holomorphic curve Σ in X . At low energies, the physics of such backgrounds is summarized
by a complicated d = 4, N = 1 supergravity theory. It has been shown in [16]-[20] that such
backgrounds can lead to phenomenologically interesting gauge groups, and it is therefore of
interest to understand more completely the full low energy supergravity in such backgrounds.
While several aspects of the effective Lagrangian have been worked out in [3, 4],[16]-[20],[51,
52] (for a review see [45] ) the Lagrangian is extremely complicated, and many details remain
to be understood more thoroughly. The present paper derives some further aspects of the
low energy Lagrangian. Our main result is a formula for the potential energy for the moduli
fields, valid in certain regions of moduli space. The detailed expression is given in eq. (100)
et. seq. below, for the case when there is a single 5-brane insertion and h1,1(X ) = 1. Since
the derivation is rather long we explain here a few of the ingredients of this formula.
The chiral scalars in d = 4 supergravity take values in a target space which is Ka¨hler-
Hodge. These fields correspond to moduli for the Calabi-Yau metric on X , moduli for the
instanton gauge field along X , and moduli for the positions of the M5 branes along the
interval. In addition there are chiral fields charged under the gauge group H left unbroken
by the E8 × E8 instanton. These will generically be denoted by CI .
The superpotential W is a section of a line bundle on the Kahler-Hodge target space for
the chiral scalars. There are several sources for the superpotential in the effective supergrav-
ity. First of all, there is a perturbative term, cubic in the scalars CI . In addition, there are
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several sources of nonperturbative effects. Some of these, such as heterotic worldsheet in-
stantons, gluino condensation, and M5 instantons (wrapping X ) have been studied in many
previous papers [6]-[15]. The inclusion of the effects of open membrane instantons, which
have not been studied as thoroughly, is the main focus of this paper.
There are three kinds of open membrane effects we must consider, since M2 branes can
end both on M5-branes, or on the boundary “M9 brane” [28, 29]. Membranes stretching
between the boundary M9-branes are the M-theory versions of heterotic worldsheet instan-
tons, and as such have been studied in the context of (0, 2) compactifications of heterotic
string backgrounds [13, 14]. It is well-known that such effects often sum to zero, e.g., in
backgrounds admitting a description by a linear sigma model [21, 22, 23]. The mechanism
by which these contributions vanish is that a given homology class can contain many dif-
ferent holomorphic curves in X . The instanton action depends only on the homology class,
but the prefactor depends on the curve, and the sum of instanton amplitudes can, and often
really does, vanish, as can already be seen in the case of the quintic. By contrast, the M2
instantons stretching between M5 and M9, or between M5 and M5 must wrap the particular
holomorphic curve Σ already wrapped by the M5 brane. This is obvious for the part of the
membrane worldvolume ending on the 5-brane. A study of the conditions for the super-
symmetric instanton (based on [7]) reveals that the membrane must have a direct product
structure Σ × I where I is an interval and Σ ⊂ X is a holomorphic curve. (The detailed
argument is given in section 3 below.) Consequently, if Σ is a rigid holomorphic curve in X
there will be no sum over instantons, and no integral over the moduli space for the curve.
Moreover, if Σ is a rational curve there will be precisely two fermion zeromodes and the
fermion 2-point function determining the superpotential will be nonzero. (Our calculation
of the induced superpotential uses the technique discussed in [6, 7, 8].)
The backgrounds we study are in a regime of M-theory where we can do systematic
expansions in the long wavelength expansion. It follows from [1, 2, 3] that this is an expansion
in R/V 2/3 where R is the length of the interval S1/Z2 and V is the volume of X in 11-
dimensional Planck units. We therefore assume R/V 2/3 ≪ 1. Now, gluino condensation and
5-brane instanton effects contribute terms of order ∆W ∼ exp[−c1V ] to the superpotential
W , where c1 is of order 1. By contrast, open membrane effects contribute terms of order
∆W ∼ exp[−c2RV 1/3] where c2 is of order 1 (or smaller). Thus, in the backgrounds under
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study in this paper, open membrane instantons are the leading source of nonperturbative
effects.
Our goal is to understand the physics of the moduli in heterotic M-theory, so we need
the potential, rather than just the superpotential. The potential energy for scalars in d =
4, N = 1 supergravity is given by the famous formula [40, 39]
(κ4)
4U = eK(KijDiWDjW − 3WW ) + UD (1)
where 2κ24 = 16πGN is the (four-dimensional) Newton constant, K is the Ka¨hler potential,
DiW = ∂iW + ∂iKW is the covariant derivative, and UD are “D-terms” for charged scalars
∼ ∑a(C¯T aC)2.
The potential (1) is extremely complicated. Moreover, K is only approximately known
only in some regions of moduli space. We are therefore forced to consider perturbation
expansions in several quantities. First, we will expand in two dimensionless parameters
Eeff ∼ R/V 2/3 ≪ 1 EeffR ∼ V 1/6/R≪ 1 (2)
which are necessary for the validity of the geometrical 11-dimensional picture (more precise
formulae appear in eq. (11) below). Note that these imply that V ≫ 1 and R ≫ 1, and
that the length of the interval is much larger than the scale set by X . In addition we must
expand in powers of the charged scalars CI . The superpotential is a sum of two terms
W = Wpert + Wnonpert, where Wpert is a cubic expression in the charged scalars C
I with
coefficients that are functions of the complex structure and bundle moduli. We can organize
the terms according to whether they are order 0, 1, or 2 in Wnonpert:
(κ4)
4U = (U0 + U1 + U2) (3)
We will now describe the leading expressions for the three terms in (3) in the case of a
Calabi-Yau X with h1,1(X ) = 1 together with a single 5-brane, inserted at x, where 0 ≤ x ≤ 1
labels the position of the 5-brane along the M-theory interval. In addition to the charged
scalars CI the relevant chiral superfields are the “volume superfield” S = V + iσ, which
determines the GUT coupling, the “Ka¨hler superfield” T = Ra + iχ, where a is the Ka¨hler
modulus for X (hence V ∼ a3), and the “position superfield” Z = Rax+ iα for the 5-brane.
The fields σ, χ and α are axions.
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The first term, U0, in (3) begins with the perturbative contribution to the potential. The
leading order expression in an expansion in the charged scalars is a positive semidefinite
quartic form:
U0 =
1
V J2
UIJ¯KL¯C
IC¯ J¯CKC¯ L¯
(
1 +O(C
2
J
, Eeff , EeffR )
)
(4)
Here J := Ra. The coefficients UIJ¯KL¯ are functions of the complex structure and bundle
moduli. We will give precise formulae for them, but will not be very explicit about their
behavior.
The leading contribution to the second term in (3) is a one-instanton term resulting from
cross terms between the perturbative and nonperturbative superpotentials. We find that the
single instanton contribution has the form
U1 =
(1− x)
V J2
{
e−JxRe[UIJKC
ICJCKeiα]− e−J(1−x)Re[UIJKCICJCKei(χ−α)]
}
+ · · · (5)
The coefficients UIJK are functions only of the complex structure and bundle moduli.
Finally, the third term U2 in (3) begins with a 2-instanton effect
U2 =
E
J2
{
e−2Jx + e−2J(1−x) − 2e−J cos(2α− χ) (6)
+
2J
3V
(1− 2x)e−2J(1−x) + 4Jx
3V
e−Jcos(2α− χ) + · · ·
}(
1 +O(C
2
J
, Eeff , EeffR )
)
where E is a positive definite function that depends only on the complex structure and
bundle moduli. (We have kept some subleading terms in the second line. The reason for this
is explained in detail in sections 5.4 and 5.5.)
A precise characterization of the region of validity of the above potential is given in section
5.4 below. The strongest constraints on the region of validity come from our ignorance of
the exact Ka¨hler potential. It is also important to bear in mind that the coefficients of the
higher order terms in the expansion in |C|
2
J
, Eeff , EeffR are functions of the complex structure
and bundle moduli. If these coefficients become singular somewhere in the moduli space
then these “higher order” terms will dominate the physics. Our working assumption is that
we are at a generic smooth point in bundle and complex structure moduli space.
Having determined the leading nonperturbative effects, and thereby the potential energy,
we investigate briefly some of the resulting classical dynamics on moduli space, at a some-
what heuristic level. Although the M5 branes wrap all of spacetime, thanks to the central
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term in the superalgebra, their positions along the M-theory interval are in fact dynamical
variables. In the regions where we can trust our answer we find two kinds of instabilities
in the compactification, depending on whether the effects of vevs of the charged scalars CI
are important or not. When the charged scalar vevs are important, the leading x-dependent
effect is a one-instanton effect. The axions will evolve to produce an attractive force between
the M5 brane and the nearest M9-wall. This could possibly be interpreted as a consequence
of the Witten effect: the axions evolve and continuously change an effective brane charge
in order to produce “the most attractive channel,” in particular producing an attraction
between the 5-brane and the boundary. It would be interesting to understand the physics of
this effect more fully.
The above discussion is valid for Jx ≫ 1. As the five-brane moves towards the wall the
approximations break down. The limit x → 0 is extremely interesting and is related to the
chirality-changing transitions discussed in [59, 44]. In order to study this limit one needs a
multiple cover formula for the membrane instantons. This is discussed in section six below.
We make some educated guesses and conclude that the physics depends on the (unknown)
details of the covering formula.
A second kind of instability occurs when charged scalar vevs are small or zero. In this
case the potential has a local minimum in x at x = 1
2
. The value of U at such points is small
and of the form
U ∼ γ e
−J
JV
where γ is a positive function of the complex structure and bundle moduli. The M2 branes
lead to a repulsive interaction between the M5-brane and the M9-brane which induces de-
compactification of both the M-theory radius and the Calabi-Yau, while the M5-brane moves
to the middle of the interval. Of course, in this instability new light modes appear as the
theory becomes five-dimensional, and we should describe a matching to a description in
terms of five-dimensional supergravity. (As the M5 moves to the middle of the interval there
is a balancing of forces from the two boundaries and the leading terms in U2 vanish. This is
why we must include the subleading terms.)
The second kind of instability is an 11-dimensional manifestation of the Dine-Seiberg
problem; it is hardly unexpected, and in the case of the standard embedding similar insta-
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bilities have already been pointed out by Banks and Dine in [4]. Nevertheless, it is interesting
to note that in the 10-dimensional Dine-Seiberg instability the size of the M-theory interval
S1/Z2 tends to shrink. There are thus different asymptotic regions of moduli space with
qualitatively different dynamics, and hence different “basins of attraction” for the classical
evolution of the moduli. One consequence is that there must be nontrivial stationary points
for the potential in the middle of moduli space. The precise nature of such stationary points
is of great interest, but remains out of reach so long as we cannot derive the Ka¨hler potential
in the interior of moduli space in a controlled approximation.
The paper is organized as follows. In section two we review briefly theM-theory geometry
corresponding to strongly coupled E8×E8 heterotic strings with “nonstandard embedding.”
In section three we study supersymmetric M2-brane instantons in X × S1/Z2. In section
four we derive the formula for the contribution to the superpotential from M2 instantons. In
section five we find the potential and specify the region where we can trust it for the simplest
case of a Calabi-Yau with h(1,1) = 1. In section six we discuss the multiple covering formula
and its relevance to chirality-changing transitions. In section seven we generalize the result
to the case of N 5-branes on the interval. The final section contains a discussion of some
possible extensions of the present work.
We have been informed that the effects of open membranes in heterotic M-theory are
also being investigated independently by B.Ovrut, E.Lima and R.Reinbacher.
2 Review of heterotic M-theory background with M5-
branes on the interval
In this section we review some of the results of ([3, 4],[16] - [20],[45]) which are needed for
our subsequent computations.
Our conventions for the Lagrangian of 11D SUGRA are set by the Lagrangian:
2κ211S11D = −
∫
eR− 1
2
∫
G4∧ ∗G4 − 1
6
∫
C3∧G4∧G4 + . . . (7)
where GMNPQ = 4∂[MCNPQ].
1
1We have a different normalization of fields compared to ([16]). GhereMNPQ =
√
2G
[16]
MNPQ, C
here
MNP =
7
The Lagrangian of the boundary E8×E8 theory is given by
2κ211SYM = −
1
4π
(κ11
4π
) 2
3
∫
M101
√−gtr
(
F (1)
)2 − 1
4π
(κ11
4π
) 2
3
∫
M102
√−gtr
(
F (2)
)2
(8)
where F (1,2) are the field strengths of the two E8 gauge fields, to leading order in a long-
wavelength expansion. In the above action and below tr means 1
30
of the trace in the adjoint
of E8.
We begin by describing the background solution of M-theory on R4 × X × S1/Z2. Our
coordinates on R4 are xµ, µ = 1, . . . , 4. Complex coordinates along X have indices m,m =
1, . . . , 3. The factor S1/Z2 in spacetime has coordinate X
11. In addition it will be convenient
to set X11 = πρy where y is a dimensionless coordinate 0 ≤ y ≤ 1, and ρ is a dimensionful
constant which sets a scale.
We must now specify the metric, four-form G4, and boundary Yang-Mills fields. In
order to write the background metric we introduce a basis of harmonic (1,1) forms on X ,
ωi, i = 1, . . . , h
1,1 and denote the Kahler form on X by ω = aiωi. Then, the background
metric is a deformation of a metric of the form
ds211 = V
−1R−1gµνdx
µdxν +R2(dX11)
2 − 2iωmmdxmdxm. (9)
In this formula R is dimensionless and Rρ is the orbifold radius. Similarly, we introduce a
fiducial, dimensionful, volume v for X , and the volume of X in the metric (9) defines the
dimensionless parameter V by V v := 1
3!
∫
X ω
3. We will make a convenient choice of ρ, v in
eq. (12) below; they will be of the order of l11, l
6
11 and are independent of moduli. Because
of the Weyl-rescaling in the first term in (9), gµν is the four-dimensional Einstein metric and
the four-dimensional Newton constant is given by
1
κ24
=
2πρv
κ211
. (10)
As we have mentioned, the actual metric we will use is a deformation of eq. (9), and is
only known to first order in a power series in two dimensionless expansion parameters
Eeff = ǫR
V
2
3
≪ 1, EeffR =
ǫRV
1
6
R
≪ 1 (11)
6
√
2C
[16]
MNP . We use the convention 2κ
2
11 = (2π)
8(M11)
−9
, and define the 11-dimensional Planck length by
l11 = 1/M11. Our signature is mostly plus.
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where we choose the constants
ǫ =
(κ11
4π
) 2
3 2π
2ρ
v
2
3
= 2, ǫR =
v
1
6
πρ
= (
π
2
)
1
2 (12)
in order to simplify the normalization of the fields in the effective Lagrangian.2
The above inequalities (11) state, firstly, that the distortion of the background from
(9) is small, and secondly that the interval is much larger than the length scale of X .
These expansion parameters can be related to the GUT scale and the 4-dimensional Newton
constant [3, 4]. In our conventions the unified coupling αGUT ∼ (EeffEeffR )2 ∼ 1/V , while
(MGUTκ4)
2 ∼ (Eeff)3(EeffR )4 ∼ 1/(RV 4/3) determines the GUT scale in terms of the Newton
constant. The latter formula follows by computing masses of gauge bosons and scalars
associated with typical mechanisms of spontaneous symmetry breaking. 3 Unfortunately, it
turns out that when we use the experimentally measured values of αGUT,MGUT and κ4 the
above expansion is not necessarily a good approximation. As discussed in [3, 4, 5, 16, 53],
the experimentally measured values determine EeffR ≪ Eeff = O(1). Nevertheless, our focus
in this paper is on a systematic and controlled computation of nonperturbative effects; the
restriction (11) is necessary since heterotic M-theory is only known as an effective theory to
order (κ11)
2
3 , and for this reason we will adopt it.
To lowest order in the expansion parameter the metric for the background takes the form
ds211 = V
−1R−1(1 +
B
6
)gµνdx
µdxν +R2(1− 2B
3
)(dx11)
2 − 2iJmmdxmdxm, (13)
Jmm = ωmm + (Bmm − 1
3
ωmmB), B = 2ω
mmBmm,
The deformation of the background is described by the (1,1) form Bnm¯. In order to write it
explicitly we must now introduce the M5 branes.
The backgrounds we study preserve N = 1 supersymmetry. Therefore the 5-branes wrap
a product of spacetime and a holomorphic curve in X . If there are N 5-branes they will
therefore have definite locations at y = xk, k = 1, . . . , N along the interval. The k
th 5-brane
wraps a curve Σ(k) in X whose homology class may be expressed as [Σ(k)] = β(k)i [Σi2] where
[Σi2] is an integral basis of H2(X,Z), and β
(k)
i is a collection of nonnegative integers. These
2 We take v = 8π5l611, πρ = 2π
1
3 l11 to have ǫ = 2, ǫR
2 = 12π
3We thank T. Banks for very helpful discussions on this point.
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integers are constrained by anomaly cancellation. Each of the M9 branes carries an E8
vector bundle V1, V2, and to each bundle we associate a degree four integral characteristic
class c2(Vi). Identifying H2(X ;Z) with H4(X ;Z) via Poincare´ duality we may define
c2(V1)− 1
2
c2(TX) = β
(0)
i [Σ
i
2] c2(V2)−
1
2
c2(TX) = β
(N+1)
i [Σ
i
2] (14)
The anomaly cancellation condition is then
N+1∑
n=0
β
(n)
i = 0. (15)
In terms of the above data, the formula for Bmm¯ on the interval (xn, xn+1), n = 0, . . . , N
is given by
Bmm =
2R
V
biω
i
mm, bj(y) =
n∑
k=0
β
(k)
j (y − xk)−
1
2
ξj, ξj =
N+1∑
k=0
(1− xk)2β(k)j , (16)
where x0 = 0, xN+1 = 1 and the index i is raised with the inverse of the metric on the moduli
space of Kahler structures on X :
Gij =
1
2vV
∫
X
ωi∧(∗ωj) = −1
2
∂i∂jln
(
di1i2i3a
i1ai2ai3
)
(17)
with
di1i2i3 =
∫
X
ωi1∧ωi2∧ωi3. (18)
The choice of integration constant in the solution (16) fixes V v to be equal to the volume of
X averaged along the interval (to lowest order in Eeff).
The flux of the 4-form G4 is also given in terms of B:
GMNPQ =
1
2
ǫMNPQEF∂11B
EF (19)
Note that it is discontinuous across the positions of the 5-branes.
Finally, we need to specify the E8 gauge bundles V1 and V2. For simplicity we will follow
[17] and take the bundle V2 at y = 1 to be the trivial bundle. Accordingly, there is a
“hidden sector” at y = 1 with unbroken E8 gauge group. The bundle V1 at y = 0 has an
instanton whose holonomy lives in a subgroup G ⊂ E8. The unbroken gauge symmetry is
the commutant H of G in E8. It is straightforward to extend our formulae to the case when
both V1 and V2 are non-trivial bundles.
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When we compactify M-theory on the above background, the physics at distances large
compared to the M-theory interval is described by an effective d = 4, N = 1 supergravity
theory. We now list the massless fields corresponding to small fluctuations around the above
background. In addition to the superYang-Mills and supergravity multiplets there are a
number of massless chiral scalar fields. To begin with, there are chiral superfields neutral
under four dimensional gauge group H . These are:
T i = Rai + iχi, (20)
S = V + iσ, (21)
Zn = R(β
(n)
i a
i)xn − i
[
An(β(n)i ai)− xn(β(n)i χi)
]
(22)
where
Cmm11 = χ
iωi,mm, i = 1, . . . , h
1,1, m,m = 1, . . . , 3,
σ is a scalar dual to Cµν11
3∂[µCνρ]11 = V
−2ǫµνρλ∂
λσ,
and Zn is a holomorphic coordinate constructed out of the position xn of the n-th 5-brane
on the interval. The scalar An originates from the KK reduction of the 2-form living on the
n-th 5-brane
A(2)n = πρAnf ∗n(ω) (23)
We have included the factor πρ in the above formula to make An dimensionless. In eq.(23)
f ∗n(ω) is the pullback of the Kahler form to the cycle Σ
(n)
2 . We denote by fn the holomor-
phic embedding of the curve Σ
(n)
2 in X . The pullback of each of the basis forms f ∗n(ωi) is
proportional to the pullback of the Kahler form ω
f ∗n(ωi) =
β
(n)
i
(β
(n)
j a
j)
f ∗n(ω),
∫
Σ
(n)
2
f ∗n(ωi) = v
1
3β
(n)
i .
Finally, there are chiral multiplets charged under the unbroken gauge group H . Thanks
to the Donaldson-Uhlenbeck-Yau theorem massless modes from small fluctuations of the
gauge field can be associated with holomorphic deformations of holomorphic bundles on
X . The small fluctuations are parametrized by the space H0,1
∂¯
(X, V ) where V is the gauge
bundle in the 248. We assume the holonomy of the instanton is in G so the gauge bundle
11
decomposes as V = ⊕WR ⊗ VS corresponding to the decomposition of the adjoint of E8
under the embedding H ×G ⊂ E8:
248 = ⊕R⊗ S (24)
The charged scalars will be valued in ⊕WR⊗H0,1∂¯ (X, VS). In order to work out the Kaluza-
Klein reduction we decompose the gauge field as:
Am =
2
3
2π
κ4
uIˆ,mC
Iˆ , m = 1, 2, 3, (25)
In (25) a summation is taken over the index Iˆ which labels
Iˆ = (R, I, p), p = 1, . . . , dimR, I = 1, . . .dimH1(X, V1S).
The normalization factor in (25) was chosen to make the charged scalar fields C Iˆ dimension-
less and to normalize their kinetic term conveniently.
When writing the perturbative superpotential below it will be convenient to define
uIˆ,m = u
x
ImTxp,
where x is an index for a basis for the representation S and uxIm is a basis of H1(X, V1S).
The factor Txp is purely group-theoretic and corresponds to the generators of E8 in the
representation R⊗S. The complex conjugate of these generators is denoted by T xp and the
normalization is chosen such that tr
(
TxpT
yq
)
= δyxδ
q
p.
We are not going to study four-dimensional gauge dynamics in this paper. This has been
studied, for example, in [3, 4, 17]. For completeness, and to fix our normalizations, we also
give the gauge kinetic term in the 4D Lagrangian
SYM = −
2∑
α=1
1
64π2
∫
M
(α)
4
√−g4
(
RefαtrF 2 + . . . (26)
where due to the restrictions (11) on the moduli space, Refα = V +O(Eeff), α = 1, 2.
3 M2-brane instantons in X × S1/Z2
Open M2-branes ending on an M5 brane will play a crucial role in our calculation of the
non-perturbative potential. These nonperturbative effects were first discussed in [28, 29, 42].
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In this section we will derive the conditions for a supersymmetric open M2-brane instanton
in the background described in the previous section. We will neglect the distortion of the
background metric from a direct product metric in solving for the membrane configuration.
This is valid in our approximation scheme.
The first step in finding the supersymmetric M2 configuration is to write the constant
spinors corresponding to the supersymmetries unbroken by the background. We use a basis
for the Γ-matrices in eleven dimensions of the form
Γµ = (RV )
1
2γµ ⊗ γ7 Γm = 1⊗ γm µ = 1, . . . , 4, {γµ, γν} = 2gµν (27)
Γm = 1⊗ γm Γ11 = 1
R
γ5 ⊗ γ7 m,m = 1, . . . , 3, {γn, γm} = 2gnmCY (28)
where (γm)
∗ = −γm = (γm)T and γµ is a weyl-basis in 4D.
Four dimensional anti-chiral ( chiral) spinor indices are denoted by α (α˙) respectively. In
this basis the surviving supersymmetry in the background X × S1/Z2 is of the form:
ǫ =
(
ǫα˙ ⊗ ǫ1, ǫα ⊗ ǫ2
)
, (29)
where ǫα˙, ǫα are constant spinors on R4×S1/Z2 and ǫ1 (ǫ2 = (ǫ1)∗ ) is the chiral( anti-chiral)
covariantly constant spinor on X , normalized as in [7]:
γmǫ1 = 0, γnmǫ1 = iωnmǫ1, γmnpǫ1 = e
−KΩmnpǫ2, ǫ
†
1ǫ1 = 1. (30)
Here ω is the Kahler form, Ω is a holomorphic (3,0) form on X and K = 1
2
(KT −Kcplx)
with both Kahler functions KT and Kcplx specified in section (5.2).
The surviving supersymmetry is consistent with having 5-branes wrapped over a holo-
morphic cycle Σ ⊂ X , as shown in [16]. One cannot have anti-5-branes on the interval and
preserve supersymmetry.
The presence of an M2-brane imposes an additional constraint on the supersymmetry
parameter ǫ
Γ(2)ǫ = ǫ, (31)
where, (see for example [7]),
Γ(2) =
i
3!
√
g
ǫijk∂iX
Mˆ∂jX
Nˆ∂kX
KˆΓMˆNˆKˆ (32)
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In formula (32) si, i = 1, 2, 3 are coordinates on the world-volume of the M2-brane, XMˆ , Mˆ =
(µ,m,m, 11) are coordinates in the eleven dimensional target space and g is the determinant
of the induced metric on the M2-brane.
Substituting (29) into (31) we find, first of all, that spinors of type ǫα ⊗ ǫ2 lead to
ǫ2 =
( R√
g
ǫijk∂iX
m∂jX
n∂kX
11ωmn
)
ǫ2 +
( ie−K
3!
√
g
ǫijk∂iX
m∂jX
n∂kX
pΩmnp
)
ǫ1 (33)
+
(ǫijk√
g
∂iX
m∂jX
n∂kX
pωmn
)
γpǫ2 +
(ie−K
4
√
g
ǫijk∂iX
m∂jX
n∂kX
11Ωmnpg
pq
CY
)
γqǫ1
Since the spinors ǫ1, ǫ2, γmǫ1, γmǫ2 are linearly independent we get four equations
∂iX
m∂jX
n∂kX
pΩmnp = 0 (34)
R∂iX
m∂jX
n∂kX
11ωmn =
√
gǫijk (35)
∂iX
m∂jX
n∂kX
11Ωmnpg
pq
CY = 0 (36)
ǫijk∂iX
m∂jX
n∂kX
pωmn = 0 (37)
The constraints (34, 37) are automatically solved by the embedding
X11 = t, Xm(y)
where t = s3 is a coordinate along the orbifold interval and y, y are coordinates on a holo-
morphic 2-cycle. This is our basic instanton.
We claim that if the holomorphic curve Σ ⊂ X is isolated then the above membrane
instanton is also. Moreover, we claim that the above instanton is the only instanton solution
consistent with the boundary condition of having the M2 brane ending on Σ. Indeed, let us
consider the possibility of having M2-branes starting and ending on holomorphic cycles inside
X which differ from a direct product Σ×I. Therefore we search for t-dependent embeddings
Xm(y, t), t ∈ [x1, x2] into X . In this case equation (37) is not satisfied automatically and
gives the constraint
∂[iX
m∂j]X
nωmn = 0, (38)
Taking the i = y, j = y component of this equation and evaluating it at the boundary t = x1
or t = x2 shows that the volume of the holomorphic cycle must be zero.
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We conclude that an open M2-brane which starts and ends on a positive volume holo-
morphic curve preserves some supersymmetry iff it has the direct product form Σ× I.
One can quite analogously prove that an M2-brane which starts and ends on a holomor-
phic curve should have the direct product form
X11 = −t, Xm(y)
in order to preserve the other components ǫα˙ ⊗ ǫ1 of the background supersymmetry.
Note that since the M2-brane instanton must start and end on the same 2-cycle in X
there is a requirement on the 5-brane charges β
(n)
i = β
(k)
i described in section 2 in order for
there to be an M2-instanton stretched in the interval [xn, xk].
4 Calculation of membrane-instanton-induced super-
potentials
In this section we will give the derivation of the non-perturbative four-dimensional superpo-
tential ∆W induced by open membranes.
We follow the procedure outlined in [7, 8]. The idea is to compute the 2-point cor-
relation function of four-dimensional fermions with the instanton sector included in the
supergravity path integral. An essential ingredient of this calcultaion is the coupling of the
four-dimensional fermions to the world-volume degrees of freedom of the membrane through
the so-called “membrane vertex operators.” The computation of the superpotential follows
from a computation of a 2-point correlation function of fermions in the four-dimensional
effective theory 〈χχ〉inst, where χ are fermionic superpartners of Z. This in turn can be
reduced to a membrane path integral with corresponding vertex operator insertions.
4.1 Summary of the computation of ∆W
Since the analysis is rather long let us summarize the computation here. Most of the work
is devoted to finding the vertex operator, but the end result is very simple. The membrane
theory has a chiral doublet of fermions ϑα˙ transforming in the 2 of the 4 dimensional Lorentz
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group. These couple to the chiral fermions χα˙ in the superfield Z via the vertex operator
Vχ =
i
2
ϑα˙χα˙. (39)
Using the above coupling we can compute 〈χ(ξ1)χ(ξ2)〉 in an instanton sector to be∫ √−g4d4ξSF (ξ1 − ξ)SF (ξ2 − ξ)hΦexp(−Z). (40)
Here ξ1, ξ2 are points in four dimensions and SF is the 4-dimensional fermion propagator in
the effective d = 4, N = 1 supergravity. This expression for the propagator is only valid for
(ξ1 − ξ), (ξ1 − ξ2), (ξ2 − ξ) ≫ l11. The integral of ξµ in eq.(40) should be regarded as an
integral over the bosonic zero modes Xµ = ξµ of the M2-instanton. The integral over the 2
fermion zero-modes ϑ1, ϑ2, on the M2-brane soaks up the ϑα˙ from the vertex operator. There
are no other zero modes because the curve Σ is a rational curve and hence has no extra zero-
modes associated with 1-forms. The prefactor hΦ stands for determinants of fluctuations in
11-dimensional supergravity together with 5-branes around the background (13,19), together
with determinants associated with the degrees of freedom for the M2 instanton. While it
is very complicated one can use holomorphy to extract the factor he−Z , which depends
holomorphically on the moduli. The factor h is a holomorphic section of a line bundle over
complex structure moduli space and should properly be regarded as the true measure for the
fermion zeromodes. In this paper we will not be very explicit about it.
We can now extract ∆W by comparing (40) with the 2-point correlation function in the
effective 4D supergravity
〈χ(ξ1)χ(ξ2)exp[
∫ √
g4e
1
2
K∂Z∂Z(∆W )χ¯χ¯]〉4D (41)
which is equal to ∫ √
g4d
4ξSF (ξ1 − ξ)SF (ξ2 − ξ)e 12K0∂Z∂Z(∆W ) (42)
whereK0 = KT+KS+Kcplx+Kbundle and we drop corrections of the order O
(
Eeff , EeffR ,
|C|2
Ra
)
to the mass term for a chiral fermion in the 4D, N=1 Lagrangian [40, 39].
Using holomorphy of the superpotential it now follows that
∆W = hexp(−Z), Φ = e 12K0. (43)
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For the M2-brane stretched between the 5-brane and the other 9-brane at y = 1 analogous
considerations give
∆W = hexp(−(βiT i − Z)). (44)
4.2 Computation of the vertex operator
In this section we describe the computation of the vertex operator.
The vertex operators can be found by expanding the action of the M2 brane in the M-
theory background fields. The action of an M2-brane ending on an M5-brane was written in
[35], using the superembedding approach of [30, 31]. In this approach the basic ingredients
are:
• An (11|32) supermanifold M , giving the 11-dimensional supergravity background. The
supercoordinates are denoted by ZM = (XMˆ ,Θρˆ). where ρˆ is an index in the irre-
ducible spinor representation of so(1, 10). Using the torsion constraints of [32] on the
supervielbein one can expand an orthonormal frame for the cotangent space in powers
of Θ. The expansion at low orders in Θ has been worked out in [8, 34, 9].
It is convenient to introduce the notation for the vielbein:
EA(Z) = dZMEM
A = (Ea, Eα) (45)
where in the second equality we have separated bosonic and fermionic cotangent vec-
tors.
• A (6|16) supermanifold M describing the world-volume of the M5-brane. We denote
supercoordinates on the worldvolume by zM = (yM , ϑρ) and a cotangent frame on M
by eA(z). A decomposition of the frame analogous to (45) is given by
eA(z) = dzMeM
A = (ea, eβq) (46)
The index a = 0, 1, ..., 5 is the index of the vector representation of so(1, 5), while β and
q are the indices of irreducible spinor representations of so(1, 5) and so(5), respectively.
• A (3|0) manifold Σ, to be identified with the membrane worldvolume. The boundaries
of Σ lie insideM or in ∂M. We denote the coordinates on Σ by si, i, . . . , 3. Coordinates
on the boundary surface are denoted by σr, r = 1, 2.
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The relation of the pullback of the 11-dimensional supervielbein to the 5-brane to the
supervielbein of the 5-brane itself defines the “embedding matrices” EA
A via the equation
f ∗(EA) = eAEA
A (47)
One may solve for these matrices in terms of the vielbeins
E
A
A = eA
M∂MZ
MEM
A. (48)
The basic superembedding condition then says that
E bosonicfermionic = Eβq
a = 0. (49)
This simple equation is extremely powerful, it leads to a complete set of covariant equations
of motion for the 5-brane [30, 31].
The action of an M2-brane ending on an M5-brane, in Euclidean signature, is [46, 35]
SM2 = τM2
∫
Σ
d3s
[√
detgij + if
∗C(3)
]
− iτM2
∫
∂Σ
d2σφ∗B(2). (50)
Here τM2 =
1
(2pi)2
M311 is the M2-brane tension. Also, B
(2) is the super 2-form living on M
while C(3) is the super 3-form living on the target superspace M. The pullback in eq.(50)
under the embedding f : si → ZM is
f ∗C(3) =
1
3!
∂iZ
M∂jZ
N∂kZ
PC
(3)
MNPds
i∧dsj∧dsk,
while the pullback under the embedding φ : σr → zM is
φ∗B(2) =
1
2
∂rz
M∂sz
NB
(2)
MNdσ
r∧dσs,
We specialize the action (50) to the case of an M2-brane stretched between y = 0 and
y = x in the background described in section 2. The membrane is a product Σ× [0, x] so it is
convenient to define coordinates on the membrane si = (t, σ, σ¯) where t is a coordinate on the
interval and σ is a holomorphic coordinate along the curve Σ. The embedding coordinates
of Σ into (11|32) superspace
ZM(s) =
(
XMˆ3,11(s),Θ3,11(s)
)
, (51)
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have the following structure. First, the interval coordinate
X113,11(s) = πρ
(
t+
i
2
Θ3,11Γ
11Θ3,11
)
(52)
has an important correction quadratic in fermions, while the coordinates
Xm3,11(s) = X
m(σ), Xm3,11(s) = X
m(σ¯), (53)
describe the holomorphic embedding. The coordinateXµ3,11(s) is unconstrained. The fermions
Θ3,11(s) satisfy the physical gauge condition
Γ(2)Θ3,11(s) = −Θ3,11(s). (54)
We have omitted the coordinates describing fluctuations of the membrane within X since
we will restrict our consideration to an isolated curve Σ and hence these degrees of freedom
will be massive.
The origin of the correction in (52) is continuity of embedding coordinates in superspace.
That is, the embedding of the membrane into 11-dimensional superspace (3|0) → (11|32)
must agree, on the boundary, with the embedding of the 5-brane into superspace (6|16) →
(11|32) since the membrane ends on the 5-brane in superspace. We now derive this condition
in more detail.
We choose bosonic coordinates on the M5-brane as yM = (yµ, y, y) where yµ are real and
y is complex, and consider the static embedding of the boundary of the M2-brane into the
M5-brane
φ : y = σ, y = σ¯ (55)
The superembedding (6|16)→ (11|32) is described by superfields
ZM = (XMˆ(zM ),Θ(zM))
Small fluctuations around static gauge are described by embeddings
XMˆ =
(
ym, Xm
′
(y, ϑ)
)
, Θ =
(
ϑ, ψ(y, ϑ)
)
(56)
where ϑ is a fermionic coordinate in the (6|16) superspace. The superfields Xm′(y, ϑ) and
ψ(y, ϑ) have as their ϑ = 0 component bosonic fluctuations transverse to the worldvolume
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of the M5-brane Xm
′
(yM) and physical fermions on the M5-brane ψ(yM) respectively. m′
here denotes bosonic indices of coordinates transverse to the M5-brane.
As was discussed, for example, in [31], the basic superembedding condition (49) imposes
a relation on the superfields Xm
′
(y, ϑ) and ψ(y, ϑ), such that
Xm
′
(yM , ϑ) = Xm
′
(yM) + iϑΓm
′
ψ(y) + ... (57)
In particular, the superfield X11 up to linear order in ϑ is
X116,11 = πρ
(
x+ iϑΓ11ψ + ...
)
(58)
Recall that we introduced the factor πρ to make x dimensionless.
In the geometry of X , the spinors ϑ and ψ can be decomposed as
ϑ =
{
ϑα˙ ⊗ ǫ1, ϑα ⊗ ǫ2
}
. (59)
ψ =
{
ψα ⊗ ǫ1, ψα˙ ⊗ ǫ2
}
, (60)
Out of the 16-component spinors we only keep those components given by the covariantly
constant spinor along X . There are other physical degrees of freedom in the spinor ψ, but
since we are considering a rigid curve in X only the above components lead to massless
degrees of freedom.
In Euclidean space equation (58) becomes
X116,11 = πρ
(
x− i
R
(
ϑα˙ψα˙ + ϑ
αψα)
)
(61)
where now chiral and anti-chiral spinors are independent from each other. (To give the
meaning to the fermionic bilinears in Euclidean space, we first define them in Minkowskii
space, where
ϑα˙ = (ϑ
α)∗, ψα˙ = (ψ
α)∗, γ0 =
(
0 1
1 0
)
(62)
where the spinors indices are lowered via ϑα˙ := εα˙β˙ϑ
β˙. Then we continue to Euclidean
signature by dropping the reality conditions in eq.(62).)
From eq.(52) and eq.(61) we see that X113,11 and X
11
6,11 match each other at the boundary
of the M2-brane, i.e. at t = x, if the following boundary conditions are imposed on the
physical fermions Θ3,11
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Θα˙Y˙3,11|t=x = ϑα˙ ⊗ ǫY˙1 , Θα˙Y3,11|t=x = ψα˙ ⊗ ǫY2 , (63)
where Y˙ (Y ) are chiral( anti-chiral) spinors indices on X .
One can identify zero modes living on the boundary of the M2-brane ϑα˙ ⊗ ǫY˙1 with the
supersymmetry broken by the M2-brane. This is compatible with our considerations in
section 3. Indeed, exactly these components of background supersymmetry are broken for
the instanton described by the embedding eq.(52).
The bosonic part of the M2-action is
SM2 = Z, Z = Rβia
ix− iAˆ, Aˆ = A(βiai)− x(βiχi). (64)
where, as in section two, βi[Σ
i
2] is the homology class of the boundary curve.
Now, by evaluating the embedding matrices for an M5-brane up to linear order in ϑ and
solving the equation in the (6|16) superspace ( see [35])
dB = H + f ∗C, (65)
we obtain the expression for B
(2)
yy up to linear order in ϑ
B
(2)
yy = A
(2)
yy + i∂yX
n∂yX
m
(
−ϑΓnmψ + CnmPˆϑΓPˆψ
)
. (66)
In solving equation (65) we have used constraints on the superform H. Specifically, we
have used the condition that the only non-vanishing components of the superform H , in the
basis eA, are the components Habc with all three bosonic indices. This was derived in [35] by
requiring κ-supersymmetry of the action of an M2-brane ending on an M5-brane.
In (66) we have dropped terms containing derivatives of the fluctuating fields such as
∂µA, since these terms in the vertex operator will not contribute to the fermion two-point
function we wish to compute.
Now, from eq.(50) and eq.(66), and using the properties (30) of covariantly constant
spinors on X , we evaluate the interaction between zero-modes of fermions living on an M2-
brane boundary ϑα˙ and fermions ψα˙ to be
Vψ = i(βia
i)ϑα˙ψα˙ (67)
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Note that the contribution to the interaction from the second boundary term in eq.(66)
was cancelled by the term from the bulk, after integrating by parts, due to the presence of
the piece in the embedding (52) which was quadratic in fermions.
The last step in deriving the “vertex operator” for the chiral fermion superpartner of Z,
denoted χα˙, is to relate ψα˙ and χα˙. To achieve this we consider a supersymmetric variation
of Z with supersymmetry parameter (ǫα˙ ⊗ ǫ1, ǫα ⊗ ǫ2). The result is
δZ = (Rβia
i)δx+ xδ(Rβia
i)− iδAˆ (68)
where
δx = iǫΓ(11)ψ = − i
R
(
ǫα˙ψα˙ + ǫ
αψα
)
(69)
δAˆ = (βiai)
(
ǫα˙ψα˙ − ǫαψα
)
(70)
Equation (70) is a direct consequence of eq.(66) and the definitions (23,64).
Denoting by λiα˙ the superpartners of the bulk scalars T
i, we get the desired relation
χα˙ = 2(βia
i)ψα˙ + x(λ
i
α˙βi) (71)
and hence the “vertex operator” for χα˙ is
Vχ =
i
2
ϑα˙χα˙. (72)
5 The case of one M5-brane.
In this section we will discuss the scalar potential for the case of one M5-brane located at
position y = x on the M-theory interval. The general formula has been quoted above in (1).
In order to evaluate this expression we need both K and W . We will describe first W and
then K, and then put them together.
5.1 Superpotential
In the present setting the superpotential W can be written as a sum of 5 pieces
W = Wpert +W2 +W3 +W4 +W5. (73)
which have the following origins:
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• Wpert is the Yukawa superpotential for the charged chiral superfields, given in ([47, 17])
Wpert =
(4π)
√
2
3
λIˆ1Iˆ2Iˆ3C
Iˆ1C Iˆ2C Iˆ3, (74)
The Yukawa couplings are given by
λIˆ1Iˆ2Iˆ3 =
∫
Ω∧ux1I1∧ux2I2∧ux3I3 f (R1R2R3)x1x2x3 (75)
and depend on the complex structure and bundle moduli, but are independent of T i
and S. f (R1R2R3)x1x2x3 projects onto the singlet in R1 × R2 × R3 ( if it exists), and Ω is a
choice of nowhere zero holomorphic (3, 0) form on X .
• W2 is the sum of two pieces coming from an M2-brane stretched between the M5-brane
and the boundary 9-brane at y = 0 or y = 1 respectively. We have shown in the
previous section that
W2 = h
{
exp
(
−Z
)
+ exp
(
−(βiT i − Z)
)}
, (76)
(Note that the relative sign can be changed by a shift in the imaginary part of T or
Z.)
• W3 is the contribution to the superpotential due to gaugino condensation studied in
[15, 17, 4]. It is given by
W3 ∼ exp
(
− 3
2b0
S
)
, (77)
where b0 is a beta-function coefficient for the gauge group on the second 9-brane.
We are working in a region of moduli space constrained by (11). It follows that
3V ≫ 2b0Raiβix, 3V ≫ 2b0Raiβi(1− x) (78)
and hence the contribution ofW3 to the potential is much smaller than the contribution
of W2, and will henceforth be neglected.
• W4 is the contribution from M2-brane instantons stretched between the two “M9-
branes.” The contribution from a single membrane wrapping a holomorphic curve
Σ ⊂ X has the form
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W4 ∼ exp(−βiT i), . (79)
In the case of the standard embedding ( with no 5-branes) the sum over all such curves
in a fixed homology class vanishes. This happens because W4 is just the world-sheet
instanton contribution to the superpotential in the effective theory near a (2,2) vacuum
of the weakly coupled heterotic string. Such superpotentials for moduli are known
to be zero ([24, 25, 26]). W4 is also zero for the special cases of the “non-standard
embedding” arising in weakly coupled heterotic (0,2) vacua which are related to linear
sigma models. For example, W4 = 0 for the quintic in P
4. Nevertheless, it is expected
that these corrections will be nonzero for generic (0, 2) compactifications [13, 14].
• W5 is the superpotential coming from an M5-brane wrapping the whole X .
W5 ∼ exp
(
−τM5Sv
)
= exp
(
−1
4
S
)
. (80)
W5 is of the same order as W3 and again we can neglect it relative to the effects of
open membranes.
5.2 Kahler potential for bulk moduli and charged scalars
To evaluate the scalar potential in (1) one also needs the Kahler potential 4
K = KS +KT +Km +Kcplx +K5 +Kbundle, (81)
The first four pieces in this expression have already been obtained in previous papers.
We will derive a formula for K5 below. It would be interesting to learn more about Kbundle,
but we will not do so in this paper. In this section we review the results for the first four
terms, obtained in [16, 17, 48, 49, 50].
The first two terms in (81) are:
KS = −ln(S + S), KT = −ln
(1
6
dijk(T
i + T
i
)(T j + T
j
)(T k + T
k
)
)
(82)
4Here we are assuming that the moduli space is a product space, as is valid in our approximation.
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To leading order in an expansion in CI the charged matter has a Ka¨hler potential of the
form
Km = ZIˆJˆC
IˆC
Jˆ
+ · · · (83)
Here ZIˆ Jˆ is constructed from the metric for bundle moduli GBIˆJˆ as follows. First of all, GB
is defined by
GBIˆJˆ =
1
vV
∫
X
√
ggmmuImxu
x
Jm (84)
and depends on the Kahler moduli ai, as well as on the complex structure and bundle moduli.
Next we define KBIˆJˆ := e
KT
3 GBIˆJˆ . Note that the dependence on the Kahler moduli is only
through the combination T i + T
i
. Then we can define
ZIˆJˆ = GBIˆJˆ −
e−
KT
3 2ξi
S + S
Γ˜i
BIˆJˆ
(85)
where ξi was defined in (16), and
Γi
BIˆJˆ
= KijT
∂KBIˆJˆ
∂T j
, KT ij =
∂2KT
∂T i∂T
j (86)
Γ˜i
BIˆJˆ
= Γi
BIˆJˆ
− (T i + T i)KBIˆJˆ −
2
3
(T i + T
i
)(T k + T
k
)KTkjΓ
j
BIˆJˆ
,
KijT denote the inverse of the matrix KT ij.
In formulae (85) and (83) the following restrictions on the scalar fields are assumed
ZIˆJˆC
IˆC
Jˆ ≪ 1 (87)
2ξi
S + S
Γ˜i
BIˆJˆ
≪ KBIˆJˆ . (88)
The Kahler function for the complex structure moduli is
Kcplx = −ln
(
ΠaGa
)
, Ga = ∂ΠaG, a = 1, . . . , h21 + 1 (89)
and can be expressed in terms of the periods over the A-cycles Πa and the prepotential G,
with complex structure moduli expressed as πα = Π
α
Π0
, a = (0, α).
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5.3 Kahler potential for the M5-brane moduli
The last piece in (81) is K5, the Kahler potential giving the kinetic terms for the 5-brane
scalars x and A. As we were finishing our project we found that ([41]) obtained K5 in the
special case of h(1,1) = 1. Since we got our result independently and in a different way, we
will explain the derivation below.
To find K5 we start from the bosonic part of the Pasti-Sorokin-Tonin action for the
M5-brane [37]
SM5 = τM5
∫
W6
d6y
(
−
√
−det(γMN + iHMN )− 1
4
√−γvLH∗LMNHMNPvP
)
(90)
+τM5
∫
W6
(
Cˆ6 +
1
2
dA2∧Cˆ3
)
,
Here the tension of the M5-brane is τM5 =
1
(2π)5
M611. The other terms in the action are
defined by
γMN =
∂XMˆ
∂yM
∂XNˆ
∂yN
g
(11)
MˆNˆ
, HMN = H∗MNPvP , H
∗MNP = − 1
3!
√−γ ǫ
MNPLKQHLKQ
HMNP = 3∂[MA
(2)
NP ] − (Cˆ3)MNP , CˆMNP =
∂XMˆ
∂yM
∂XNˆ
∂yN
∂X Pˆ
∂yP
CMˆNˆ Pˆ (91)
CˆM1...M6 =
∂XMˆ1
∂yM1
. . .
∂XMˆ6
∂yM6
CMˆ1...Mˆ6 vN =
∂NΦ√
∂KΦ∂KΦ
, vNv
N = 1.
where Φ is the PST scalar and Cˆ6 is the magnetic dual of Cˆ3.
We wish to do Kaluza-Klein reduction of the above action along the holomorphic curve
Σ. We split the coordinates in the bulk as XMˆ = (ξµ, Xa, Xa, X11) where a, a = 1, . . . , 3
are indices for the complex coordinates, and ξµ are coordinates along the noncompact R4.
We choose µ to run over µ = 0, 1, 2, 5. 5 The coordinates along the worldvolume W6 of the
5-brane are taken to be yM which we split as 4 real coordinates yµ, µ = 0, 1, 2, 5 and one
complex coordinate y along the holomorphic curve Σ. A natural gauge choice for the PST
scalar is [38]
vM = δ
5
M , A5M = 0 (92)
5We have changed notation from section two for this computation.
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While the gauge choice (92) breaks six dimensional covariance, after the KK reduction we
will obtain a covariant 4-dimensional action.
The massless fluctuations of the M5 brane are described by fields
X11 = πρx(ξµ), Amn(ξ
µ), A(ξµ), µ = (m, 5), m = 0, 1, 2
where A(ξµ) was defined in equation (23). Keeping only terms of quadratic order in deriva-
tives we obtain the following 4-dimensional action6
SM5 = −v 13 τM5
∫
W4
{
1
2
(πρ)2
e(aiβi)R
V
(∂µx)(∂
µx)− 1
2
(aiβi)RV
eg55
(Hyy)2 (93)
+
1
2
(πρ)2
e
(aiβi)RV
[
∂mAˆ+ x∂m(βiχi)
]
gmn(3)
[
∂nAˆ+ x∂n(βiχi)
]
+(πρ)
g5m
g55
[
∂mAˆ+ x∂m(βiχi)
]
Hyy + (πρ)
[
∂5Aˆ+ x∂5(βiχi)
]
Hyy + (πρ)2
ex
V 2
∂µσ∂µ
[
A(βiai)
]}
where e =
√
−detgµν , while g5m and g55 are components of the inverse of the 4-dimensional
metric gµν . One should take care that gmn(3) is the inverse of the 3-dimensional metric so that
gmn = gmn(3) +
g5mg5n
g55
.
Moreover, in (93) we have
Hyy =
1
2
ǫmnp
[
∂mAnp − ∂mX11C11np
]
,
(where we have used (91)) and finally we have also introduced
Aˆ = A(βiai)− x(βiχi), ∂mσ = gmν∂νσ.
One can see from (93) that integrating out Hyy¯ gives
Hyy = (πρ)
e
(βiai)RV
g5µ
[
∂µAˆ+ x∂µ(βiχi)
]
Plugging the expression for Hyy back into (93) restores 4-dimensional covariance and results
in the action
κ24SM5 = −
∫
W4
e
{
1
2
(aiβi)R
V
(∂µx)(∂
µx) +
1
2
1
(aiβi)RV
[
∂µAˆ+ x∂µ(βiχi)
]2
(94)
6 We are grateful to Steuard Jensen for pointing out a mistake in the original version of the equation
below.
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+
x
V 2
∂µσ∂µ
[
A(βiai)
]}
One can now extract the Kahler potential for the 5-brane moduli. The terms in the
action (94) uniquely determine K5 to be
K5 =
(Z + Z)2
(S + S)(βiT i + βiT
i
)
, (95)
A check of the supergravity kinetic terms associated with K5 shows that but there are extra
terms coming from (95) and given by:
−
∫
W4
e
{
−x(aiβi)RV −2(∂µx)(∂µV )− 1
2
x2V −2(∂µ
(
R(aiβi)
)
(∂µV ) (96)
− x
2
2V 2
∂µ(βiχ
i)(∂µσ)− x(βiχ
i)
V 2
∂µx∂
µσ +
1
2
x2(aiβi)RV
−3
(
∂µV ∂
µV + ∂µσ∂
µσ
)
.
}
These terms are exactly cancelled by the terms coming fromKS = −ln(S+S) after including
an x−dependent correction to the definition of the chiral field S
S = V + iσ + T iβix
2 (97)
Note, that the above correction T iβix
2 is of order Eeff with respect to V. There are no
x−dependent corrections to the other fields at this order.
The proper interpretation of these facts is that the complex structure on field space is
corrected at the nonlinear level by (97) and that the Ka¨hler potential KS + K5 should be
written as
K̂S = − log
[
S + S − (Z + Z)
2
(βiT i + βiT
i
)
]
(98)
It would be interesting to learn if this expression is valid at higher order in the expansion in
Z.
5.4 Potential in the case h(1,1) = 1.
In the previous sections we have given formulae valid for a generic X . We will now specialize
to the case of h(1,1) = 1 in order to simplify the analysis of the potential. As we have
stressed above, in this case there is no net contribution to the non-perturbative potential
from M2-branes stretched between the two boundary 9-branes, i.e. W4 = 0.
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When h(1,1) = 1 the dependence on the Kahler parameter a of the metric (84) for the
bundle moduli can be easily extracted by a scaling argument. We can choose a basis uxIm
that does not depend on a. Then the inverse of Calabi-Yau metric scales like
gmmCY =
1
a
ωmm(1)
where ω(1),nm is, say, an integral generator of H
(1,1)(X ) ∩H2(X , Z). Under these conditions
the Kahler metric for charged scalars (86) simplifies considerably and is given by
ZIˆ Jˆ =
( 3
T + T
+
2ξ
S + S
)
HIˆJˆ , ξ = β
(0) + β(1− x)2, (99)
where HIˆJˆ depends only on complex structure and bundle moduli. In the case at hand
H2(X , Z) is of rank 1 and generated by a rational curve Σ. We take β = 1, which corresponds
to wrapping a 5-brane only once around Σ.
The perturbative potential for charged scalars was obtained in [17]. Using the formulae
from the appendix we have calculated the non-perturbative potential including explicit lead-
ing dependence on Kahler moduli and charged scalars. As mentioned in the introduction we
write the full potential in the form
(κ4)
4U =
(
U0 + U1 + U2
)
(100)
where, as mentioned in the introduction, we organize terms by the order in the nonpertur-
bative superpotential. U0 begins with the perturbative potential. U1 results from mixing
between the perturbative and nonperturbative contributions to W , while U2 is the term of
second order in the nonperturbative superpotential. The formula for the potential contains
a prefactor eK . We have used the explicit results for KS and KT , and we have dropped Km
and K5 since they contribute subleading effects to the order we are working.
We now give the leading expressions for the three terms in (100) in more detail. The
leading contributions to U0 are given by
U0 =
4π2
3d˜
eKcplx+Kbundle
V J2
|λCC|2 + UD (101)
In the above formulae V = d˜a3, J := Ra, where d = 6d˜ is the intersection number on X .
The expression
|λCC|2 = C Iˆ1C Iˆ2λIˆ1Iˆ2Iˆ3H Iˆ3Jˆ3λJˆ1Jˆ2Jˆ3C
Jˆ1
C
Jˆ2
, (102)
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comes from derivatives of W with respect to C Iˆ .
The D-term is given by
UD =
18π2
V J2
∑
(a)
(
C
Iˆ
HIˆ JˆT
(a)C Jˆ
)2
(103)
where T (a) are generators of the unbroken four dimensional gauge group H , and we are
assuming there are no induced FI parameters.
To leading order U1 is given by:
U1 = −e
Kcplx+Kbundle(1− x)
2d˜V J2
{
e−JxRe
(
Wperth¯e
iα1
)
− e−J(1−x)Re
(
Wperth¯e
iα2
)}
(104)
where we define the axion fields
α1 = ImZ, α2 = Im(T − Z), (105)
There will be corrections from terms higher order in the expansion in |C|
2
J
, Eeff , EeffR . There
are also corrections from multiply-wrapped membranes.
The leading contribution to U2 is a two-instanton term
U2 =
eKcplx+Kbundle
8d˜J2
|h|2
{
e−2Jx + e−2J(1−x) − 2e−J cos(α1 − α2) (106)
+
2J
3V
(1− 2x)e−2J(1−x) + 4Jx
3V
e−J cos(α1 − α2)
}
+ · · ·
The leading piece comes fromKZZ|∂ZW |2. Note that in the second line of (106) we have kept
terms which are formally higher order in our expression since they multiply J/V ∼ Eeff . We
have kept these because, near x = 1/2, cos(α1−α2) = 1 the leading piece vanishes. At these
points the order J/V corrections which come from KZZ and the prefactor eK multiply zero
and we can legitimately say that the leading term near x = 1/2, cos(α1 − α2) = 1 is given
by the last term in the second line of (106). We will need these subleading terms in section 5.5
below. Of course, there are many other corrections of relative order O((Eeff)p(EeffR )q, |C|
2
J
),
where p ≥ 1 and q > 0.
The region of validity of our result for the potential, (100), is constrained by several
considerations.
• We must assume that all sizes are much bigger than the 11D Plank length.
30
πρRx≫ l11, πρR(1− x)≫ l11, a 12 v 16 ≫ l11 (107)
and from these conditions it follows, in particular, that Jx≫ 1, J(1− x)≫ 1.
• Since we are working to quadratic order in the Ka¨hler potential in a series expansion
in C we must have
|C|2 := C IˆHIˆ JˆC
Jˆ ≪ J (108)
• The effective expansion parameters should be small, or, equivalently,
V ≫ J, J2 ≫ V (109)
• We must be able to drop Eeff corrections to each of the 9 terms in the potential. We
count all the terms wich have different sructure,i.e. 5 from U2, 2 from U1 and 2 from
U0.
U =
9∑
a=1
ua(1 + faEeff),
iff
Eeff |
9∑
a=1
faua| ≪ |
9∑
a=1
ua|
Given our ignorance regarding fa we will assume that they are O(1) and impose the
stronger condition
Eeff
9∑
a=1
|ua| ≪ |
9∑
a=1
ua| (110)
• Finally, as mentioned in the introduction, we should stress that we are assuming that
we are working at a generic smooth point in the complex structure and bundle moduli
space.
5.5 5-brane dynamics
We can get some heuristic idea about the 5-brane dynamics by considering the theory on a
finite volume of 3-dimensional space and keeping only the spatially homogeneous modes of the
scalar fields. Even in this drastic approximation the resulting system is a very complicated
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dynamical system described by a particle mechanics Lagrangian with the (very) schematic
form
vol(space)
∫
dt
{
(
V˙
V
)2 + (
J˙
J
)2 +
(C˙)2
J
+
(J˙x+ x˙J)2
V J
− U
}
(111)
where the potential energy is
U =
1
V J2
(
αC4 − β(1− x)|C|3|e−Jx ∓ e−J(1−x)|+ (112)
+γV
[
(e−Jx ∓ e−J(1−x))2 + 2J
3V
(1− 2x)e−2J(1−x) ± 4Jx
3V
e−J
])
We have only kept the real parts of the fields. The philosophy behind this is that by a
“Born-Oppenheimer” type approximation we expect that the axions will relax much more
rapidly than the real parts into the most attractive channel. The choice of ± depends on
what term is dominating, U1 or U2.
The positive constants α, β and γ are functions of the complex structure and bundle
moduli, but these are being held fixed in this discussion.
While the dynamical system we must study is rather complicated we can get some heuris-
tic idea of what to expect in three distinct regions within the region of validity of our po-
tential.
• In one region the charged scalar fields are zero, while J and V are large. The leading
contributions to the potential are positive and decrease with increasing J, V . In this
region the 5-brane leads to a repulsive interaction between the M9 walls. Setting C = 0
and choosing “- “ sign to set axions in the most attractive channel in eq.(112) we get:
U ∼ γ 1
J2
{
(e−Jx − e−J(1−x))2 + 2J
3V
(1− 2x)e−2J(1−x) + 4Jx
3V
e−J
}
(113)
Note that U has a minimum in x at x = 1
2
. Expanding around the minimum x = 1
2
+ y,
the resulting potential is
U = γ
{ 2
3V J
e−J + 4y2e−J
}
. (114)
Now we can see the need for keeping the last two terms in the expression for U2 in
eq.(106). Although we are neglecting the Eeff -corrections to the Kahler potential, such
corrections multiply the leading three terms in eq.(106) which sum up to zero at x = 1
2
.
On the other hand, the terms we have written, and which follow from the leading pieces
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in K become the leading terms at the stationary points x = 1
2
. Consequently, J flows
towards infinity and x moves towards the middle of the interval. We must assume
V 1/2 ≪ J ≪ V to stay within the region of validity.
• If the charged scalar fields are important in such a way that
|U1| ≫ U2, (115)
then the leading x-dependent term in the potential is attractive:
U = αC4 − β(1− x)|C|3
(
e−Jx + e−J(1−x)
)
Note that in this case we have to choose the “+” sign in eq.(112) if the axions are in the
most attractive channel. Thus, if x < 1/2 the 5-brane moves towards the wall at y = 0,
and if x > 1/2 the 5-brane moves towards the wall at y = 1. Note, that in each of these
two subregions U0 ≫ |U1| as a direct consequence of (115). Since U0 is the dominant
term J and V will evolve to large values. Since the C field is simultaneously evolving a
more careful analysis of the dynamical system would be highly desirable. But we will
not do that here.
More generally, one can show that the potential (112) is non-negative at a generic point in
the bundle and complex strucure moduli space, within in our region of validity (107-110),
and thus predicts decompactification of both the Calabi-Yau and the orbifold interval. The
argument, which is straightforward but long can be found in Appendix B.
Note that (112) is the leading potential only under our assumption that we work at a
generic smooth point in bundle and complex structure moduli space. It would be interesting
to incorporate singularities in complex structure and bundle moduli space in the discussion.
There are potentially many new terms in the potential that must be reconsidered. It is
possible that using the known results on complex structure and bundle moduli space one
can address this problem.
5.6 Conflicting instabilities
One interesting consequence of the discussion in the previous section is that there is a strong
coupling dual of the Dine-Seiberg problem where the M-theory interval (and the Calabi-
Yau) tends to decompactify. In the case of heterotic M-theory with the standard embedding
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(i.e. no 5-branes) this has already been discussed by Banks and Dine [5], who noted that
one can use holomorphy to extrapolate the weak coupling superpotential based on gluino
condensation. In the presence of an M5-brane (in the case h(1,1) = 1) the above formulae
show that in the region specified by (107-110) there is a similar effect due to open membrane
instantons.
It is of some interest to compare the above result with what we expect for the weakly
coupled heterotic string, since our considerations are only valid at large heterotic string
coupling. Indeed, the heterotic coupling is related to the length of the M-theory interval by
Rρ ∼ l11(gs) 23
and we require πρR ≫ l11. In the regime of weak coupling and large V , the potential has
been discussed in [27]. It was shown there that the effective potential is positive and behaves
as
Ueff ∼ e−
V
g2s . (116)
This favors an evolution to weak coupling gs → 0 and large volume V → ∞. One might
worry that the calculations of ([27]) were performed in the case of the standard embedding,
and in backgrounds with other E8 × E8 gauge instantons one must take into account the
contribution of world-sheet instantons as well [13, 14]. Nevertheless, as we have repeatedly
mentioned, these effects often sum to zero [21, 22] so once again and we can use (116) in the
region of small R and large V.
In view of the above, we can combine our result (100) with (116), to learn that the
”true” potential goes to zero through positive values in both limits R → 0 and R → ∞.
This indicates that there must be a stationary point somewhere in the intermediate region,
i.e. at some finite value of R. The nature of the stationary points that lie in the middle of
moduli space is unknown, and is, of course, an interesting and outstanding question.
6 Multiple covers and chirality changing transitions
It is of considerable interest to determine the nature of the low energy theory in the limit
that the M5 moves into the the boundary 10-manifold. In this section we will make some
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comments on this limit. We will need to make some guesses and the results of this section
are not as rigorous as in the previous sections. For definiteness we will consider the limit
x→ 0.
One good reason for studying the limit x → 0 is that there are strong indications that
in such limits there can be very interesting chirality-changing phase transitions in the low
energy theory. This was discovered, in the present context, by Kachru and Silverstein [59].
The theory of these transitions has been considerably extended to many new examples in
[44].
The main new ingredient that is needed to discuss the x→ 0 behavior is a multiple-cover
formula for the open membrane instantons. The fact that there must be nontrivial effects
from multiply-wrapped M2 branes (at least for those stretching between two 5-branes) can
be seen by considering the holomorphy of the full superpotential W as a function of Zi−Zj
[8]. The instanton effects must be suppressed by a factor proportional to the volume of the
stretched membrane and therefore must behave like exp[∓(Zi − Zj)] for ±Re(Zi − Zj) > 0.
This is only consistent with holomorphy if there is an infinite series with at best a finite
radius of convergence.
Multiply-wrapped worldsheet instanton corrections to d = 4, N = 2 prepotentials are
known to have a universal form f(n,Σ) for an n-times wrapped curve Σ where f only
depends on the topology of Σ [60, 61, 65, 62, 63, 64]. Since worldsheet instantons are special
cases of M2-brane instantons we will make the working hypothesis that there is similarly a
multiple cover factor f(n,Σ) for M2-brane instanton corrections to the superpotential W .
Some evidence for this can be found in [57, 58, 56]. Unfortunately, the topologies studied in
the above papers do not contain our case of P 1 × [0, 1]. Therefore we will take
∆W = h
∞∑
n=1
f(n)e−nZ + eiδh
∞∑
n=1
f(n)e−n(T−Z) (117)
and make the rather weak assumption that the asymptotic behavior of f(n) for large n is
f(n) ∼ nmeJx0n for some constants m and x0. For simplicity we set x0 = 0 although there
could in principle be a shift in the location of the small instanton transition.
The constants m and δ above are unknown, but we can make some comments on them.
First, the relative phase eiδ was not important in the 1-instanton sector, where we can change
the relative phase by shifting the axion ImT. It does become a nontrivial issue in the multi-
35
instanton sectors. Nevertheless, for our analysis of the dynamics in the subregion ReZ ≪ 1
the second piece in (117) is negligible, so the issue need not concern us here.
Next, let us consider the power m in the asymptotic behavior of f(n). If we wish the
chiral fermion mass term in standard supergravity to be a single-valued function of Z in a
region surrounding Z = 0, then m cannot be a negative integer such that |m| > 2. Single-
valuedness implies that the monodromy of ∂Z∂ZW around Z = 0 should be diagonalizable
thus excluding a singularity of the type Zn logZ, n ≥ 2 in W. 7
Let us now re-consider the region of validity of our expression. The infinite series for
∆W can be obtained reliably in the region ReZ ≫ 1 (where we can use 11-dimensional
supergravity) and then analytically continued to the region where ReZ = Jx ≪ 1. To
ensure that corrections to the Kahler function are small one must still require that
V ≫ 1, V 12 ≪ J ≪ V, |C|2 ≪ J
Since these conditions do not imply Jx ≫ 1 or J(1 − x) ≫ 1 we can study the physics of
the 5-brane approaching the boundary.
For definiteness and simplicity let us now assume that f(n) = nm for some constant m.
Then we have
∂Z∆W = −hLi−(m+1)(e−Z) (118)
where Li is a polylogarithm function
Li−(m+1)(t) =
∞∑
n=1
nm+1tn
In this case the leading order contribution to U1 is given by:
U1 = −e
Kcplx+Kbundle(1− x)
2d˜V J2
Re
[
W perthLi−(m+1)(e
−Z)
]
(119)
while the leading contribution to U2 is
U2 =
eKcplx+Kbundle
8d˜J2
|h|2
∣∣∣∣∣Li−(m+1)(e−Z)
∣∣∣∣∣
2
. (120)
7There are known examples of logarithmic superpotentials for n=0,1 that make good physical sense. This
is usually related to some kind of pair creation phenomena. We thank K. Hori for very useful discussions on
this issue.
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In all the cases below we will assume that the axion phases are in the maximally attractive
channel.
One interesting limit is Z → 0. Here we can use the behaviour of the polylogarithm
Li−(m+1)(e
−Z) ∼ Z−(m+2), Z → 0
(for m = −2 we replace Z0 by logZ) to write out (schematically ) the leading potential at
Jx≪ 1
U =
1
V J2
(
αC4 − β(1− x) |C|
3
(Jx)2+m
+ γ
V
(Jx)4+2m
)
, m > −2 (121)
U =
1
V J2
(
αC4 + β|C|3(1− x)log(Jx) + γV (logJx)2
)
, m = −2 (122)
where α, β, γ are positive functions of complex structure and bundle moduli as above and
we have set ImZ = 0.
Therefore, for small enough Jx (holding the other moduli fixed) the leading term in the
potential (121 ),(122) is
γ
J2(Jx)4+2m
, m > −2, γ(logJx)
2
J2
, m = −2 (123)
and there is a repulsive force on the 5-brane. Indeed there is an infinite energy barrier
forbidding the 5 brane from hitting the wall.
One should not conclude from the above that there will be no chirality changing tran-
sition, since the axionic degree of freedom in Z can change the qualitative features of the
potential drastically. Unfortunately, in order to study this question in detail just knowing
the asymptotic behavior will not suffice and one needs a precise version of the formula for
f(n) in order to work out the analytic continuation from Re(Z) ≫ 1 to |e−Z| = 1. For
definiteness we will consider f(n) = nm where m ≥ −2 is integral.
Let us consider first the case m ≥ 0. We take Z = Jx + iπ, where Jx ≪ 1 and expand
e−Z = −1 + Jx− 1
2
(Jx)2. We use the Taylor expansion for the polylogarithm
Li−(m+1)(−1 + t) = Li−(m+1)(−1)− Li−(m+2)(−1)t + 1
2
(
Li−(m+3)(−1)− Li−(m+2)(−1)
)
t2
and the following useful relations
Li−m(−1) = (21+m − 1)ζ(−m), ζ(−2k) = 0, ζ(1− 2k) = −B2k
2k
, k = 1, 2, . . .
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where ζ is the Riemann ζ-function and Bk are Bernoulli numbers taken in the convention:
y
ey − 1 = 1−
1
2
y +
B2
2!
y2 +
B4
4!
y4 + ...
Substituting t = Jx − 1
2
(Jx)2 in the above Taylor expansion and keeping only terms up to
(Jx)2 we have
Li−(m+1)(−1 + t) = (−1)k+1
(
νk1 − νk2 (Jx)2
)
, m = 2k, k = 0, . . . (124)
Li−(m+1)(−1 + t) = (−1)k+12νk2Jx, m = 2k + 1, k = 0, . . . (125)
where we define positive numbers νk1 , ν
k
2
νk1 = (2
2k+2 − 1) |B2k+2|
2(1 + k)
, νk2 = (2
2k+4 − 1) |B2k+4|
4(2 + k)
.
We now analyze the potential separately for the cases of even and odd m. For even
m = 2k we have the following leading potential at Jx≪ 1
U =
1
V J2
(
αC4 − β(1− x)|C|3
(
νk1 − νk2 (Jx)2
)
+ γV
(
(νk1 )
2 − 2νk1νk2 (Jx)2
))
(126)
If C 6= 0 then for sufficiently small x the potential is attractive. If C = 0 the potential is
repulsive.
Now, for odd m = 2k + 1 the leading potential is
U =
1
V J2
(
αC4 − 2βνk2 (1− x)Jx|C|3 + γV (2νk2 )2(Jx)2
)
(127)
Now the situation is opposite to the previous case. For C 6= 0 there is a repulsive force and
if C = 0 an attractive force.
Finally we analyze what happens for the cases m = −1 and m = −2, assuming ImZ = π
and Jx≪ 1. If m = −1 the leading potential is
U =
1
V J2
(
αC4 − 1
2
β|C|3(1− x)
(
1− 1
2
Jx
)
+
γV
4
(
1− Jx
))
(128)
The force on the 5-brane is attractive only if one allows for a large vev for |C|3
β|C|3 > γV.
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This is in principle possible since we only assume that |C|3 ≪ V 32 and for large V both
inequalities can be satisfied. If m = −2 the leading potential is
U =
1
V J2
(
αC4 − β|C|3(1− x)
(
log2− 1
2
Jx
)
+ γV log2
(
log2− Jx
))
(129)
and the force is attractive only if
β|C|3 > 2(log2)γV.
In both cases m = −1 and m = −2, attraction is only possible for large vev of charged
scalars.
The general conclusion based on the analysis of various cases is that the physics of what
happens when the 5-brane approaches the wall depends strongly on the detailed form of the
multiple-cover formula.
Finally, let us comment on the relevance of this compututation to the examples studied
by Ovrut, Pantev, and Park in [44]. One might at first conclude that in these examples the
superpotential must vanish since the five-brane wraps a high genus curve. However, the curve
wrapped by the 5-brane is not irreducible and not isolated. It can very well happen that
in the long-distance expansion of the M5 and M2 Lagrangians there are terms with many
fermions (typically multiplying factors involving curvature tensors) which can lift the many
fermion zeromodes associated with the nonisolated high genus curve. Thus, the question of
whether or not a superpotential is generated is a complicated and difficult one, involving a
discussion of the measure on the moduli space of the curve and the integral over that moduli
space. Considerations based on the global form of the moduli space for these curves based
on the results of [66] do not appear to exclude the generation of such superpotentials.
7 The case of N M5-branes.
We will now briefly consider the potential in the case that there are N M5-branes at positions
x1 < x2 < . . . < xN . We will assume for simplicity that all the 5-branes are wrapped
over the same rational curve Σ, so that open M2-instantons can be stretched between any
pair of 5-branes. Moreover, to simplify the analysis we assume that the 5-branes are more
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or less evenly separated. Finally, we restrict our consideration only to the leading non-
perturbative potential, so we do not take into account 2-instanton contributions to W and
we need only consider M2-branes between neighboring 5-branes. Similarly, we only keep the
contribution of 5-9 instantons coming from M2-instantons stretching between the boundary
and the nearest M5-brane. Under these conditions we will have
R(xn − xn−1)πρ≫ l11, ∀n = 1, . . . , N + 1.
Neglecting Eeff corrections due to the distortion of the background, the Ka¨hler function
for the collection of 5-branes will be just a sum of Kahler functions for each 5-brane.
The potential is again given by formula (100), with the same conditions on the region of
validity. The 2-instanton terms in the potential U2, which dominate at C = 0, are:
U2 =
eKcplx+Kbundle
8d˜J2
|h|2
N∑
n=1
{
e−2J(xn+1−xn)+e−2J(xn−xn−1)−2e−J(xn+1−xn−1)cos(α˜n)
}
+· · · (130)
where we denote
α˜n =
{
a(2An −An+1 −An−1) + χ(xn+1 + xn−1 − 2xn)
}
, n = 1, . . . , N (131)
and x0 = 0, xN+1 = 1,A0 = AN+1 = 0. If instead we assume that
x1 ≫ xn − xn−1, (1− xN )≫ xn − xn−1, ∀1 < n ≤ N (132)
and choose a special subregion where cos α˜n = 0, ∀n, then the potential has the form of
a non-periodic Toda-chain potential. (The kinetic energies are the standard ones, in our
approximation.) As is well known, Toda theory has an exact solution, where all particles
move away from each other [43]. In heterotic M-theory this signals an instability in the time
evolution of the positions of M5-branes along the orbifold interval: they tend to run away
from each other. At the same time Ra evolves to infinity. In short, the system explodes.
Using again a “Born-Oppenheimer” type approximation we expect that the axions will
relax much more rapidly than the real parts into the most attractive channel cosα˜n = 1, ∀n.
This implies that the evolution with a Toda-like potential is unstable because of the axions.
When the charged vevs are nonzero we should consider instead the term U1 in the poten-
tial arising from cross terms between perturbative and nonperturbative pieces. This is given
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by
U1 = −e
Kcplx+Kbundle|h|ζ
2d˜J2V
{
e−Jx1(1− x1)cos(γ˜1)− e−J(1−xN )(1− xN )cos(γ˜N) (133)
−
N−1∑
n=1
(xn+1 − xn)e−J(xn+1−xn)cos(φ˜n)
}
where Wpert = ζe
iφ1, h = |h|eiφh are decompositions into modulus and phase and
γ˜1 = ImZ1 + φ1 − φh, γ˜N = Im(T − ZN) + φ1 − φh, (134)
φ˜n = Im(Zn+1 − Zn) + φ1 − φh, n = 1, . . . , N − 1
8 Possible future directions and applications
A central question in heterotic M-theory is the existence of isolated minima of the potential
for moduli. While most of our results predict runaway or unstable behavior (as expected) we
have seen some encouraging hints. We have argued that the potential must have nontrivial
stationary points in moduli space. We have also seen that a good place to look for interesting
behavior of the potential is at singular loci in complex structure and bundle moduli space.
For example, if one allows some of the coefficients α, β, γ in sections 5.5 and section 6 to
vanish it is easy to imagine scenarios where the potential predicts compactification, rather
than decompactification.
There are many technical issues raised by the above computations which should be solved
and which moreover can be solved with presently available technology.
One circle of questions includes finding the appropriate generalization of the multiple-
cover formula for worldsheet instantons. A related set of questions concerns effects associated
with membranes wrapping higher genus curves and nonisolated curves in X . As we have seen
in section six, results on these questions would have very interesting physical applications.
A second circle of questions concerns the possibility of obtaining a more concrete un-
derstanding of the dependence of the membrane determinants as functions of the complex
structure moduli. It might be possible to find classes of compactifications in which one can
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give fairly explicit formulae for the dependence on gauge bundle moduli, although this might
prove to be challenging.
Beyond the extensions mentioned above, which we believe are within reach, there loom far
more difficult questions. One of the most challenging issues is to give a proper definition of
Horava-Witten theory in a regime outside the validity of the expansion in (κ11)
2/3. Another
difficult, and pressing, problem is that of finding ways to make definite and quantitative
statements about the Ka¨hler potential of the effective supergravity theory in a wider range
of validity.
Nevertheless, even given the limitations of our computations, the results do have some
interesting ranges of validity. It might be quite interesting to study more thoroughly the
dynamics, both classical and quantum mechanical of the moduli in the problem. In this paper
we have limited ourselves to some very heuristic and naive pictures of the dynamics. It might
also be interesting to see if there are any distinctive features of the “modular cosmology”
resulting from the above potential for moduli [54].
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9 Appendix A
For the convenience of the reader we list here the leading expressions for Kahler potential
in the case h(1,1) = 1, together with formulae for the Kahler metric and inverse metric. The
Kahler potential is:
K = KS +KT +Km +Kcplx +K5 +Kbundle, (135)
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KS = −ln(S + S), KT = −ln
(
d˜(T + T )3
)
K5 =
(Z + Z)2
(S + S)(βiT i + βiT
i
)
Km =
( 3
T + T
+
2ξ
S + S
)
HIˆ JˆC
IˆC
Jˆ
We now give the components of the Kahler metric on the space of scalars which have
been used in section 5.4. We keep only leading terms in each of the component, neglecting
corrections of the relative order O(Eeff , EeffR , |C|
2
Ra
).
KSS =
1
4V 2
, KST =
x2
4V 2
, KSJˆ = −
ξHIˆ JˆC
Iˆ
2V 2
, KSα = −
ξ∂αHIˆ JˆC
IˆC
Jˆ
2V 2
,
KSZ = −
x
2V 2
, KTT =
3
(2Ra)2
, KTI = −
3HIˆ JˆC
Jˆ
(2Ra)2
KTα = −
3C Iˆ∂αHIˆ JˆC
Jˆ
(2Ra)2
KZT = −
x
2V Ra
, KIˆ Jˆ =
3
2Ra
HIˆ Jˆ , KIˆα =
3∂αHIˆ JˆC
Jˆ
2Ra
KZIˆ = −
(1− x)HIˆ JˆC Jˆ
V Ra
, KZα = −
(1− x)C Iˆ∂αHIˆ JˆC
Jˆ
V Ra
Kαβ = K
(cplx)
αβ
, KZZ =
1
2V Ra
Now, we solve the matrix equation
KK−1 = 1 +O(Eeff , EeffR ,
|C|2
Ra
)
The inverse metric solving this equation is
KSS = 4V 2, KTT =
(2Ra)2
3
, KT Jˆ = C Jˆ
2Ra
3
,
K Iˆ Jˆ =
2Ra
3
H IˆJˆ , Kαβ = Kαβcplx, K
Jˆβ = −∂δHIˆKˆC
Kˆ
H IˆJˆKδβ
KZZ = 2RaV, KZS = 4RaV x, KZT =
(2Ra)2
3
x, K JˆZ =
(2Ra)
3
C Jˆ(2− x)
where the components not listed above are zero in our approximation.
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10 Appendix B
In section 5.5 we asserted that, within the region of validity of our computations, the potential
is always positive. Here we give the detailed proof of that claim.
The only potentially negative term in the potential is U1. We will show that it cannot
be larger in magnitude than both of U0 and U2 in our region of validity.
First, imposing
|U1| ≥ U2
means
β(1− x)|C|3
(
e−Jx + e−J(1−x)
)
≥ γV
(
e−Jx + e−J(1−x)
)2
(136)
It follows immediately that
|C| ≥
(γV
β
[e−Jx + e−J(1−x)]
) 1
3 .
Now, at a generic point in bundle and complex moduli space, we have
αC4 ≥ α|C|3
(γV
β
[e−Jx + e−J(1−x)]
) 1
3 ≫ β|C|3(1− x)
(
e−Jx + e−J(1−x)
)
and we see that U0 ≫ |U1|.
Let us now assume
|U1| ≥ U0.
From this it follows that
β(1− x)
(
e−Jx + e−J(1−x)
)
≥ α|C|
and hence
|U1| ≤ 1
J2V
β4
α3
(1− x)4
(
e−Jx + e−J(1−x)
)4
(137)
Let us consider, first,the region far enough from x = 1/2. Then, for x < 1
2
, we have
|U1| ≤ 1
J2V
β4
α3
(1− x)4e−4Jx
and
U2 ∼ 1
J2
e−2Jx
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As a consequence, U2 ≫ |U1|.
In the region close to x = 1
2
we have instead, for sign “+” in eq.(137)
|U1| ≤ 1
J2V
β4
α3
e−2J
and
U2 ∼ 1
J2
e−J
and it follows immediately that
U2 ≫ |U1|.
For sign “-” in eq.(137) the last statement is obvious.
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